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For a Noetherian domain, the sets of divisorial primes, t-primes, and associated primes
of principal ideals coincide. We study the divisorial primes of a Noetherian domain as a
partially ordered set. In particular, we show that it is possible to have arbitrarily long chains
and any finite amount of noncatenarity.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
Recent years have witnessed a good deal of interest in the t-operation on an integral domain. We recall the definition:
for a domain R with quotient field k, and for a nonzero ideal I of R, set I−1 = {x ∈ k | xI ⊆ R}, Iv = (I−1)−1, and It = ⋃ Jv ,
where the union is taken over all nonzero finitely generated subideals J of I . Both the v- and t-operations are examples of
star operations, and we refer the reader to [1, Section 32] for a discussion of their basic properties.
It is well known that if R is Noetherian, then a nonzero prime ideal P is a t-prime if and only if P is divisorial if and only
if P is an associated prime of a principal ideal, that is, P = (R :R u) for some element u ∈ k \ R. In this paper we study the
spectrum of t-primes of a Noetherian domain as a partially ordered set.
If there is an upper bound on the set of lengths of t-primes in the domain R, then we define the t-dimension of R to be the
length of a longest such chain; otherwise, we declare the t-dimension to be infinite. For the purpose of this definition, it is
convenient to consider (0) to be a t-prime. In Section 2, we give two constructions of Noetherian domains having arbitrarily
large t-dimension. Along these same lines, we discuss in Theorem 2.4 the extent to which chains of primes can contain a
mixture of t- and non-t-primes, and, using a variation of an example of Nagata, we show that the t-dimension can even be
infinite.
It has long been known that noncatenarity can occur in Noetherian domains, that is, such domains can have primes P
of height n > 2 and still admit saturated chains of primes of length less than n descending from P to (0). Nagata gives an
example of this phenomenon in [2, Example 2, p. 203]. Heitmann [3] generalized Nagata’s construction, showing that any
finite poset can occur as a saturated subset of Spec(R) for R Noetherian, and Doering and Lequain [4] employed pullbacks
to give a much simpler way to produce such examples. In Section 3 we vary the techniques of Doering and Lequain to show
that for any finite poset there is a Noetherian domain R having that poset as a saturated subset of t-Spec(R) (the partially
ordered set of t-primes of R).
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1. Preliminaries
In this section, we sketch the proofs of a few pullback results which we shall need. For the most part, these results are
close to what is already in the literature, but often not quite in the specific form we need.
Lemma 1.1. Let R be a domain, let I be a nonzero trace ideal of R (i.e., I = II−1, equivalently, I−1 = (I : I)), and let J be a
nonzero fractional ideal of R. Set T = (I : I). Then
(1) Jv ⊆ (JT )vT (where v (resp., vT ) denotes the v-operation on R (resp., T )),
(2) each divisorial ideal of T is a (fractional) divisorial ideal of R,
(3) each t-ideal of T is a t-ideal of R, and
(4) for each prime P of R with P 6⊇ I , there is a unique prime Q of T for which Q ∩R = P; moreover, for this Q , we have RP = TQ .
Proof. Since J(T : JT ) ⊆ T , JI(T : JT ) ⊆ I ⊆ R, whence Jv I(T : JT ) ⊆ R. Thus Jv(T : JT ) ⊆ I−1 = T , and we have
that Jv ⊆ (JT )vT , proving (1). Now let B be a divisorial ideal of T . Then B is certainly a fractional ideal of R, and by (1),
Bv ⊆ (BT )vT = BvT = B. This proves (2). For (3), let C be a t-ideal of T , and let A be a finitely generated R-ideal with A ⊆ C .
Then by (1) Av ⊆ (AT )vT ⊆ C . Hence C is a fractional t-ideal of R. For (4), assume that P is a prime of Rwith P 6⊇ I . For t ∈ T
and any element a ∈ I \ P , we have t = at/a ∈ RP . Hence T ⊆ RP , and we must have RP = TR\P . Hence Q := PTR\P ∩ T is
a prime of T with Q ∩ T = P . Moreover, if x ∈ T \ Q , then 1/x = a/ax ∈ RP . It follows that RP = TQ and hence that Q is
unique. 
The next lemma is a special case of [5, Proposition 1.8]. However, the proof of that result appears to be incomplete, and
so we include a brief proof.
Lemma 1.2. Let U ⊆ V be commutative rings with (the same) unity, let T be an integral domain, and let ϕ : T → V be
a surjective ring homomorphism with kernel C. Now let R be defined as the following pullback of canonical homomorphisms
(i.e., R = ϕ−1(U)):
R −−−−→ Uy y
T
ϕ−−−−→ T/C ∼= V
If V is a finitely generated U-module, then T is a finitely generated R-module; if, in addition, T is Noetherian, then R is also
Noetherian.
Proof. Pick t1, . . . , tn ∈ T whose images under φ generate V as a U-module. For any t ∈ T there are then elements
r1, . . . , rn ∈ R such that ϕ(t) = ϕ(r1)ϕ(t1) + · · · + ϕ(rn)ϕ(tn). Hence t = r1t1 + · · · + rntn + c · 1 for some c ∈ C . Since
c ∈ R, we see that the elements 1, t1, . . . , tn generate T as an R-module. It now follows from Eakin’s theorem [6, p. 281]
that if T is Noetherian, then so is R. 
Our final lemma is similar to [4, Theorem A].
Lemma 1.3. Let T be an integral domain, and for each i = 1, . . . , n, let Ki be a field and let Ni1, . . . ,Niki be maximal ideals of
T such that T/Nij ∼= Ki for j = 1, . . . , ki. For each i, let Fi be a subfield of Ki. Also, for each i set Kij = Ki for j = 1, . . . , ki. Now
consider the pullback diagram
R −−−−→ F1 × · · · × Fny y
T
ϕ−−−−→
k1∏
j=1
K1j × · · · ×
kn∏
j=1
Knj
Here the downward map on the right is α1 × · · · × αn, where αi : Fi →∏kij=1 Kij is the diagonal embedding. Then:
(1) If [Ki : Fi] <∞ for each i, then T is a finitely generated R-module.
(2) Suppose that Fi 6= Ki for i = 1, . . . , r; Fi = Ki and ki > 1 for i = r + 1, . . . , s; and Fi = Ki and ki = 1 for i = s+ 1, . . . , n.
Then the conductor of R in T is C =∏si=1∏kij=1 Nij. (If s = 0, then R = T , and the conductor is just R.)
(3) For each i, Mi = (∏kij=1 Nij) ∩ R is a maximal ideal of R with R/Mi ∼= Fi.
(4) Spec(R) \ {Mi | i = 1, . . . , n} ∼= Spec(T ) \ {Nij | i = 1, . . . , n; j = 1, . . . , ki} as posets.
(5) For each i, Ni1, . . . ,Niki are the only prime ideals of T lying over Mi in R.
(6) For each prime ideal P ∈ Spec(R) \ {Mi | i = 1, . . . , n}, there is a unique prime ideal Q of T lying over P, and we have
RP = TQ .
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(7) For each i and prime ideal Q of T , Q ⊆ Nij for some j if and only if Q ∩ R ⊆ Mi.
(8) With the hypotheses of (2), Mi is divisorial in R for i = 1, . . . , s, and for s + 1 ≤ i ≤ n, Mi is a divisorial (resp., t-) ideal of
R if and only if Ni1 is a divisorial (resp., t)-ideal of T .
Proof. That T is a finitely generated R-module if [Ki : Fi] <∞ for each i follows from Lemma 1.2.
Consider the ith component of ϕ(C). For i ≤ s, C ⊆ Nij for each j, and so that component is (C + Ni1, . . . , C + Niki) =
(0, . . . , 0) ∈ Fi. For i > s, the ith component is C + Ni1 ∈ Ki = Fi. Hence C ⊆ R. On the other hand, if x 6∈ C , then for some
i ≤ s, we have x 6∈ Nij for some j. Suppose i ≤ r . If the coset x + Nij 6∈ Fi, then x 6∈ R. If x + Nij ∈ Fi, choose t ∈ T such that
t + Nij 6∈ Fi. Then xt + Nij 6∈ Fi, and xt 6∈ R. Finally, if r + 1 ≤ i ≤ s, pick t ∈ Niu \ Nij for some u 6= j. Then xt + Nij 6= 0 while
xt + Niu = 0, and again we have xt 6∈ R. It follows that C is the conductor of R in T , proving (2).
Statements (3)–(7) follow from [5, Theorem 4]. (The argument in [5, Theorem 4] is mostly topological. One can also give
an algebraic proof—see the proof of the similar result in [4, Theorem A].)
For (8), let i ≤ s. Denote by Ci the product of all Npj except Ni1. Then Ci 6⊆ R, but CiMi ⊆ C ⊆ R. HenceM−1 6= R, andMi
is divisorial in R.
Now suppose i > s. Denote by k the common quotient field of R and T . Assume that Mi is divisorial in R. Then uMi ⊆ R
for some u ∈ k \ R. We claim that u 6∈ T . If, on the contrary, u ∈ T , then Cu ⊆ R. SinceMiu ⊆ R, we have (C + Mi)u ⊆ R, a
contradiction since C +Mi = R. Thus u 6∈ T . Wemust also have uC 6⊆ T , for, otherwise, uC2 ⊆ R and uMi ⊆ R, contradicting
that C2 + Mi = R. Hence uCNi1 ⊆ R ⊆ T with uC 6⊆ T , and we have that Ni1 is divisorial in T . Conversely, suppose that Ni1
is divisorial in T . We claim that (T : C) 6⊇ (T : Ni1). If this is false, then we have C ⊆ CvT ⊆ (Ni1)vT = Ni1, a contradiction.
Hence we may choose x ∈ (T : Ni1) \ (T : C). Since xMi ⊆ xNi1 ⊆ T , we have xCMi ⊆ Rwith xC 6⊆ R. Therefore, (Mi)−1 6= R,
andMi is divisorial in R.
Again, let i > s. Assume thatMi is a t-ideal of R. We claim thatMiT is a t-ideal of T . Granting the claim, we then have that
Ni1 is a t-ideal of T , since it is minimal over a t-ideal. To verify the claim, let B be a finitely generated ideal of T with B ⊆ MiT .
Then B ⊆ AT for some finitely generated ideal A of Rwith A ⊆ Mi. We have BvT (T : B) ⊆ T . Since A−1 ⊆ (T : AT ) ⊆ (T : B),
we obtain BvT CA
−1 ⊆ R, so that BvT C ⊆ Av ⊆ Mi. Hence BvT C ⊆ MiT . However, it is easy to see thatMiT is Ni1-primary, and,
since C 6⊆ Ni1, this yields BvT ⊆ MiT . ThusMiT is indeed a t-ideal of T . Conversely, suppose that Ni1 is a t-ideal of T . Let A be
a finitely generated ideal of Rwith A ⊆ Mi. Then AvC(T : AT ) ⊆ AvA−1 ⊆ R ⊆ T , whence, using the fact that AT is a finitely
generated subideal of the t-ideal Ni1, AvC ⊆ (AT )vT ⊆ Ni1. Since C 6⊆ Ni1, this yields Av ⊆ Ni1 ∩ R = Mi. ThusMi is a t-ideal
of R. 
2. The t-dimension of a Noetherian domain
We begin with two different methods for constructing Noetherian domains of arbitrarily large t-dimension.
Example 2.1. Begin with fields Kn $ Kn−1 $ · · · $ K1 with [K1 : Kn] < ∞, and let X1, . . . , Xn be indeterminates. Let
R1 = T1 = K1[X1](X1). Then, of course, R1 is a DVR, and, since any prime of height one is automatically a t-ideal, we have
t-dim(R1) = 1. Moreover, the residue field of R1 is K1, and the maximal ideal of R1 isM1 := X1R1. Now let j > 1, and assume
that Ri has been defined for i = 1, . . . , j − 1, where Ri is local with dim(Ri) = t-dim(Ri) = i and with residue field Ki
and maximal ideal Mi. Set Tj = Rj−1[Xj](Mj−1,Xj). Then Tj is a local Noetherian domain with dim(Tj) = j and maximal ideal
Mj := (Mj−1, Xj)Tj. Since for any domain D, t-ideals of D extend to t-ideals of the polynomial ring over D [7, Proposition 4.3],
and since the property of being a t-ideal is preserved by localization in the Noetherian case, t-dim(Tj) = j−1. We also have
Tj = Kj−1 + Mj, where Kj−1 is the residue field of Tj. Let Rj = Kj + Mj; that is, let Rj be defined by the following pullback
diagram of canonical homomorphisms:
Rj −−−−→ Kjy y
Tj
ϕ−−−−→ T/Mj ∼= Kj−1
It is well known (and follows from Lemma 1.2) that Rj is a local Noetherian domain with maximal idealMj. Also, by the case
n = k1 = 1 of Lemma 1.3, Rj and Tj have exactly the same prime ideals. It then follows from Lemma 1.1 that a chain of
t-primes of length j − 1 in Tj is also a chain of t-primes of length j − 1 in Rj. Since the maximal ideal of Rj is also a t-ideal
(indeed, its inverse is Tj), we obtain dim(Rj) = t-dim(Rj) = j, completing the induction.
Example 2.2. Let K be a field, and let X = X1, X2, . . . , Xn be indeterminates. Let A1 = {X}. Assuming Ai−1 has been defined,
let Ai = Ai−1⋃ XiAi−1⋃{X2i , X3i }. Thus, for example,
A3 = {X, XX2, X22 , X32 , XX3, XX2X3, X22X3, X32X3, X23 , X33 }.
Set T = K [X1, . . . , Xn], R = K [An], Qi = (X1, . . . , Xi)T , and Pi = Qi ∩ R. Clearly, R is a Noetherian domain with integral
closure T . Moreover, it is not difficult to see that, for i > 1, Pi = (R :R Xi), and hence Pi is a t- prime of R. Of course, P1 is also
a t-prime, since it has height one. Therefore, since dim(R) = dim(T ) = n and Pn % Pn−1 % · · · % P1 % (0) is a chain of
t-primes, we see that t-dim(R) = n.
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It is known [8, Corollary 4.3] that a Noetherian domain with all its nonzero ideals divisorial must have dimension at most
1. If we take the case n = 2 of Example 2.1 or 2.2, in the latter case localizing at P2, we see (using the fact that height-one
prime ideals are automatically t-ideals) that either construction produces a 2-dimensional local Noetherian domain with
all its nonzero primes divisorial. Below we give a somewhat more interesting example of this phenomenon. This cannot,
however, be extended to the 3-dimensional case. To see this, recall that if R is a Noetherian domain, then each nonzero
element of R lies in at most finitely many t-primes. (This is well known and may be verified as follows: If P is a t-prime,
then P = (R :R u) for some u in the quotient field of R. Then for any a ∈ P we have P = (a : au), that is, P is an associated
prime of (a). Hence there are only finitely many t-primes containing a.) Hence, if (0) 6= P ⊆ Q are primes of R, then at most
finitely many primes between P and Q can be t-primes. On the other hand, if R is Noetherian, a well-known consequence
of the principal ideal theorem is that if there is a prime properly between P and Q , then there must be infinitely of them
(almost all of which must be non-t-primes). In particular, if R is a Noetherian domain of dimension greater than 2, then R
must admit infinitely many non-t-primes.
We elaborate on this latter statement in Theorem 2.4 below. First, we describe the t-primes of a polynomial ring over a
Noetherian domain.
Lemma 2.3. Let R be a Noetherian domain with t-dim(R) = m > 0. Then t-dim(R[X]) = m; moreover, a nonzero prime Q of
R[X] is a t-prime of R[X] if and only if either Q is an upper to zero or Q = (Q ∩ R)[X] with Q ∩ R a t-prime of R.
Proof. Let Q be a nonzero prime of R[X]. If Q ∩ R = (0), then Q has height one and is therefore a t-prime of R[X]. If
Q = (Q ∩R)[X], with Q ∩R a t-prime if R, then Q is a t-prime of R[X] by [7, Proposition 4.3]. Conversely, suppose that Q is a
prime of R[X]with Q ∩R 6= (0), and assume that Q properly contains (Q ∩R)[X]. Let a be a nonzero element of Q ∩R, and let
f ∈ Q \ (Q ∩ R)[X]. We shall show that (a, f )v 6⊆ Q , which will imply that Q is not a t-prime. Accordingly, let h ∈ (a, f )−1.
Then ah, fh ∈ R[X], whence, in particular, h ∈ K [X]. By the content formula [1, Theorem 28.1] c(f )k+1c(h) = c(f )kc(fh) ⊆ R
for some positive integer k. Hence c(f )k+1h ⊆ R[X]. Since (a, f )−1 is a finitely generated fractional ideal of R[X], it follows
that there is a positive integer nwith c(f )n(a, f )−1 ⊆ R[X] and hence with c(f )n ⊆ (a, f )v . If c(f )n ⊆ Q , then c(f ) ⊆ Q ∩ R,
and we have f ∈ (Q ∩ R)[X], a contradiction. Hence c(f )n 6⊆ Q . Thus (a, f )v 6⊆ Q , as we wanted to show. It follows that the
t-primes of R[X] are as described in the statement of the lemma. Now let Pm % Pm−1 % · · · P1 % (0) be a chain of t-primes
of length m in R. Then Pm[X] % Pm−1[X] % · · · % P1[X] % (0) is a chain of t-primes in R[X] [7, Proposition 4.3], and we
have t-dim(R[X]) ≥ t-dim(R). Note that in this chain, it must be the case that P1 and P1[X] have height one. Therefore, since
a potentially longer chain of t-primes in R[X] would necessarily involve an upper to zero (with the other t-primes being
extended primes), it is clear that one could replace that upper to zero by a height-one extended prime. Hence such a chain
could not have length greater thanm. 
Theorem 2.4. Let m, n be integers with 1 ≤ m ≤ n, and let B ⊆ {2, . . . , n} with |B| = n− m. Then there is a local Noetherian
domain R with the following properties:
(1) dim(R) = n,
(2) t-dim(R) = m, and
(3) for each i ∈ B, every prime ideal of height i is a non-t-prime.
Proof. If n = 1, take R = K [X](X) for any field K . Suppose that n > 1. We distinguish cases according to whether n ∈ B.
First, suppose that n ∈ B. Then, since |B| > 0,m ≤ n−1, and by induction, wemay suppose that we have a local Noetherian
domain T with dim(T ) = n − 1, t-dim(T ) = m such that, for each i ∈ B \ {n}, each prime of height i in T is not a t-prime.
Now let R = T [X](N,X). It is clear that dim(R) = n. Moreover, t-dim(R) = m by Lemma 2.3. Let i ∈ B. If i = n, then the only
prime of height i in R is (N, X)R which is not a t-prime. Suppose that i < n and that Q = Q0R, where Q0 is a prime of T [X],
is a prime of R of height i. If Q0 6= (Q0 ∩ T )[X], then Q0, and hence Q , is not a t-prime by the lemma. If Q0 = (Q0 ∩ T )[X],
then Q0 ∩ T is a prime of height i in T . Hence Q0 ∩ T is not a t-prime of T , and it follows that Q is not a t-prime of R.
Now suppose that n 6∈ B. Then |B| ≤ n − 2, so that m ≥ 2. By induction, there is a local Noetherian domain T with
dim(T ) = n − 1, t-dim(T ) = m − 1, and is such that for each i ∈ B each prime of height i in T is a non-t-prime. Set
T1 = T [X](N,X). Then dim(T1) = n, and, by Lemma 2.3, t-dim(T1) = m − 1. Moreover, as in the argument above, for
i ∈ B each prime of height i in T1 is a non-t-prime. It is harmless to assume that T/N admits a proper subfield F with
[T/N : F ] <∞. LetM = (N, X)T1, and let R be defined by the following pullback diagram:
R −−−−→ Fy y
T1
ϕ−−−−→ T1/M ∼= T/N
Then R is Noetherian by Lemma 1.2, and R and T1 have the same spectra by Lemma 1.3. Furthermore,M is a t-prime of R
(sinceM−1 = T1 % R). If P $ M is a prime of R, then P is a t-prime of R if and only if P is a t-prime of T1 (Lemma 1.1). It now
follows that dim(R) = n, t-dim(R) = m, and that for i ∈ B, each prime of height i in R is a non-t-prime. 
Our next result combines the idea of Example 2.2 with Nagata’s example of an infinite-dimensional Noetherian domain
[2, Example 1, p. 203].
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Theorem 2.5. Let K be a field. For each positive integer n, choose a positive integer kn. Now let {Xnj | n = 1, 2, . . . ; j =
1, . . . , kn} be indeterminates, and let T = K [{Xnj}]. For each n, j, set Qnj = (Xn1, . . . , Xnkn)T . Then, for each n, form the sets
An1 ⊆ An2 ⊆ · · · ⊆ Ankn as follows: An1 = {Xn1} and, inductively, Anr = An,r−1
⋃
XnrAn,r−1
⋃{X2nr , X3nr}. (See the construction
in Example 2.2.) Set R = K [{⋃∞n=1 Ankn}] and Pnj = Qnj∩ R. Then:
(1) R has integral closure T .
(2) Each Pnj is a t-prime.
(3) Consider the multiplicatively closed subset of R given by S = R \⋃n Pnkn . Then
(a) Max(RS) = {PnknRS},
(b) Each PnjRS is a t-prime, and
(c) RS is Noetherian.
Proof. (1) This is clear.
(2) First, observe that a monomial f ∈ T lies in R if and only if f has the property that whenever Xij is a factor of f with
j > 1, then f also contains as a factor either Xi1 to some power or X sir with 1 < r < j and s > 1. It is then clear that Pij is
generated by those monomials with this property and which are also contained in Qij. It is now easy to see that, for j > 1,
Pnj = (R :R Xnj), which is divisorial and hence a t-prime. Of course, since Pn1 has height one (since RPn1 = TQn1 ), it is also a
t-prime.
(3) We claim that if an ideal J of T is contained in
⋃
n Qnkn , then J ⊆ Qiki for some i. To see this, let f be any nonzero
element of I . Since the terms of f involve only finitely many indeterminates, f is in only finitely many of the Qiki , say
f ∈ Qr1kr1 ∩· · ·∩Qrskrs (and f 6∈ Qiki for i 6= r1, . . . , rs). If I ⊆
⋃
j Qrjkrj , then we are done by prime avoidance. Otherwise, pick
g ∈ I \⋃j Qrjkrj , and choose m > max{i | some term of f involves Xit for some t}. It is then easy to see that f + Xm1g ∈ I ,
but f + Xm1g 6∈⋃n Qnkn , a contradiction. Hence the claim is true, and it follows that if an ideal I of R is contained in⋃n Pnkn ,
then I is contained in some Piki . Statement (a) follows easily from this. Now since each nonzero element of RS is contained
in only finitely many maximal ideals of RS , and since (RS)PnknRS = RPnkn is a localization of a finitely generated algebra over
a field, we have that RS is Noetherian, proving (c). Finally, (b) follows from the fact that conductors localize. 
We close this section with two simple applications of Theorem 2.5.
Example 2.6. A 2-dimensional Noetherian domain R with infinitely many maximal ideals such that each nonzero prime
ideal of R is a t-prime. In Theorem 2.5 take kn = 2 for each n > 1.
Example 2.7. A Noetherian domain with infinite t-dimension. In Theorem 2.5 take kn = n for each n. In fact, the resulting
example has for each n a maximal idealMn of height n and a chain of t-primes of length n descending fromMn.
3. Noncatenary behavior
We proceed immediately to show that any amount of noncatenarity can occur among the t-primes of a Noetherian
domain. Our argument relies heavily on the proof of Theorem B of [4], and hence we keep our argument brief.
Theorem 3.1. Each finite poset occurs as a saturated subset of t-Spec(R) for some Noetherian domain R.
Proof. We induct on n, the size of the poset Γ = {γ1, . . . , γn}. Note that it is harmless to assume that Γ has a minimum
element. Choose a field K such that K ∼= K(X). We shall make use of the fact that such a field K necessarily contains a proper
subfield F with [K : F ] < ∞ and F ∼= K (e.g., the subfield K(X2) of K(X) corresponds to a subfield F of K ). If n = 1, we
may take R = K . Inductively, we may assume that γn is a maximal element of Γ and that we have constructed a semilocal
Noetherian domain R1 having Γ \ {γn} as a saturated subset of t-Spec(R), that (0) corresponds to the minimum element of
Γ , that the maximal ideals of R1 correspond to the maximal elements of Γ \ {γn}, and that all residue fields are equal to the
field K . (This last statement is meant to include the quotient field of R/P for every prime P corresponding to an element of
Γ \γn.) LetL1 = {L11, . . . , L1k1} consist of thosemaximal ideals of R1 corresponding to thosemaximal elementsα ∈ Γ \{γn}
for which α is not comparable to γn (it is possible thatL1 is empty), andL2 = {L21, . . . , L2k2} consist of those prime ideals
corresponding to those elements β ∈ Γ \ {γn} for which β is an immediate predecessor of γn. Now let T = R1[X]S , where
S = R1[X] \ ((⋃j L1j[X])⋃(⋃j(L2j, X))). Since R1 is Noetherian, if {P} ⊆ t-Spec(R1) corresponds to Γ \ {γn}, then {PT } is a
saturated subset of t-Spec(T ) and is also order isomorphic to Γ \ {γn}. Moreover, it is easy to verify that the quotient field
of T/PT is isomorphic to K for each P . Set N1j = L1jT and N2j = (L2j, X)T , and observe that T/N2j ∼= K .
Now let F be a proper subfield of K for which [K : F ] <∞ and F ∼= K . Let U denote the direct product of k1 + 1 copies
of F and V the direct product of k1 + k2 copies of K , and let R be defined by the following pullback:
R −−−−→ Uy y
T
ϕ−−−−→ V
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Here the downward map on the right is 1 × · · · k1 × , where j embeds F into K for each j and  is the diagonal
embedding of F into the product of k2 copies of K .
Clearly, V is a finitely generated U-module. Thus, since T is Noetherian, so is R by Lemma 1.2. Now setMj = N1j ∩ R for
j = 1, . . . , k1 and M = (∏j N2j) ∩ R. Note that Max(R) = {M1, . . . ,Mk1 ,M} with R/Mi ∼= R/M ∼= F ∼= K by Lemma 1.3
(3, 6). Parts 4, 7 of Lemma 1.3 combine to show that Γ appears as a saturated subset of Spec(R): we let M correspond to
γn, and for Q ∈ t-Spec(T ) corresponding to β ∈ Γ \ {γn}, the corresponding prime in R is Q ∩ R. For nonmaximal Q , using
Lemma 1.3 (6), the quotient field of R/Q ∩ R is RQ∩R/(Q ∩ R)RQ∩R = TQ /QTQ ∼= K . In addition, since t-ness localizes in the
Noetherian case, (Q ∩ R)RQ∩R = QTQ is a t-prime of RQ∩R, and it is well known (and straightforward) that this implies that
Q ∩ R is a t-prime of R. Finally,M and eachMi are divisorial (t-primes) by Lemma 1.3 (8). 
Remark 3.2. In [4, Theorem B], the authors prove the stronger statement that for each positive integer r and for γ1, γ2 ∈ Γ ,
the corresponding primes P1, P2 have the property that there is a saturated chain of primes of length r between P1 and P2 if
and only if there is a saturated chain of length r between γ1 and γ2 in Γ . With a little care this stronger result can also be
obtained for the t-primes. We leave the details to the interested reader.
Remark 3.3. In Theorem 2.4 we extended Example 2.1 to show that one could produce Noetherian domains with arbitrarily
long chains of primes with any amount of ‘‘mixing’’ among t- and non-t-primes (except, of course, at the height-one level).
One wonders whether a similar amount of mixing is possible in Theorem 3.1. The problem in trying to simply extend our
argument is that the primeM being added in the induction process could correspond to an element of Γ having more than
one immediate predecessor (which is, after all, the really interesting case, since that is where the noncatenarity comes in). In
this case the primes ofL2 are glued to formM , andM is necessarily a t-prime (since the gluing process involves a pullback).
If, on the other hand, no gluing is necessary (i.e.,L2 is a one-element set), then one can redefine U by replacing the last copy
of F by K , and the resultingM will be a non-t-prime (Lemma 1.3 (8)).
We close with a few comments on possible additional examples of strange behavior in the t-spectrum of a Noetherian
domain.
Ogoma [9] gives an example of a noncatenary local integrally closed Noetherian domain of dimension 3. Necessarily, the
maximal ideal of such a domain has height 3 but admits a saturated chain of prime of length 2 descending to (0). We observe
that such examples are not possible if one requires that the primes in question be t-primes, since a Noetherian integrally
closed domain R is a Krull domain and must therefore satisfy t-dim(R) = 1.
McAdam [10] gives an example of aNoetherian domain havingmaximal idealsM andN of height two such thatM∩N does
not contain a nonzero prime ideal. By taking an appropriate pullback, it is possible to ensure thatM and N are t-primes [11,
Example 2.5]. Heitmann [12] gives a technique for constructing examples exhibiting evenmore bizarre behavior, producing
(among other possibilities) an example of a Noetherian domainwith infinitelymanymaximal ideals of arbitrary height such
that every nonzero prime is contained in a unique maximal ideal. We do not know to what extent Heitmann-type examples
can be extended to the t-spectrum of a Noetherian domain. We do note, however, that Heitmann’s examples are integrally
closed, and, as mentioned above, therefore must have t-dimension one.
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